where c j (σ) ∈ K × and [a i,j ] 1≤i,j≤n ∈ GL n ( ). A quasi-monomial action is called purely quasi-monomial if c j (σ) = 1 for any σ ∈ G, any 1 ≤ j ≤ n. When k = K, a quasi-monomial action is called monomial. The main problem is that, under what situations, K(x 1 , . . . , x n )
G is rational (= purely transcendental) over k. For n = 1, the rationality problem was solved by Hoshi, Kang and Kitayama. For n = 2, the problem was solved by Hajja when the action is monomial, by Voskresenskii when the action is faithful on K and purely quasi-monomial, which is equivalent to the rationality problem of n-dimensional algebraic k-tori which split over K, and by Hoshi, Kang and Kitayama when the action is purely quasi-monomial. For n = 3, the problem was solved by Hajja, Kang, Hoshi and Rikuna when the action is purely monomial, by Hoshi, Kitayama and Yamasaki when the action is monomial except for one case and by Kunyavskii when the action is faithful on K and purely quasi-monomial. In this paper, we determine the rationality when n = 3 and the action is purely quasi-monomial except for few cases. As an application, we will show the rationality of some 5-dimensional purely monomial actions which are decomposable. Let k be a field and K be a finitely generated field extension of k. K is called k-rational (or rational over k) if K is purely transcendental over k, i.e. K is isomorphic to k(x 1 , . . . , x n ), the rational function field of n variables over k for some integer n. K is called stably krational if K(y 1 , . . . , y m ) is k-rational for some y 1 , . . . , y m such that y 1 , . . . , y m are algebraically independent over K. When k is an infinite field, K is called retract k-rational if K is the quotient field of some integral domain A where k ⊂ A ⊂ K satisfying the conditions that there exist a polynomial ring k[X 1 , . . . , X m ], some non-zero element f ∈ k[X 1 , . . . , X m ], and k-algebra morphisms ϕ : A → k[X 1 , . . . , X m ][1/f ], ψ : k[X 1 , . . . , X m ][1/f ] → A such that ψ • ϕ = 1 A . K is called k-unirational if k ⊂ K ⊂ k(x 1 , . . . , x n ) for some integer n. It is not difficult to see that "k-rational"⇒"stably k-rational" ⇒"retract k-rational"⇒"k-unirational". The reader is referred to the papers [MT86, CTS07, Swa83] for surveys of the various rationality problems, e.g. Noether's problem. We will restrict ourselves to consider the rationality problem of the fixed field K(x 1 , . . . , x n ) G under the following special kind of actions:
Definition 1.1 ([HKK14, Definition 1.1]). Let G be a finite subgroup of Aut k (K(x 1 , . . . , x n )). The action of G on K(x 1 , . . . , x n ) is called quasi-monomial if it satisfies the following three conditions: (i) σ(K) ⊂ K for any σ ∈ G;
(ii) K G = k where K G is the fixed field under the action of G; (iii) for any σ ∈ G and 1 ≤ j ≤ n,
where c j (σ) ∈ K × and [a i,j ] 1≤i,j≤n ∈ GL n ( ). A quasi-monomial action is called purely quasi-monomial if c j (σ) = 1 for any σ ∈ G, any 1 ≤ j ≤ n in (iii). When k = K, a quasi-monomial action is just called monomial.
When G ≃ Gal(K/k), i.e. G acts faithfully on K, and G acts on K(x 1 , . . . , x n ) by purely quasi-monomial k-automorphisms, the rationality problem of K(x 1 , . . . , x n ) G coincides with that of algebraic k-tori of dimension n which split over K (see [HKK14,  Section 1]).
For quasi-monomial actions, the following results are already known (see a survey [Hos14] ):
Theorem 1.2 (Voskresenskii [Vos67] ). Let k be a field. All the two-dimensional algebraic ktori are k-rational. In particular, K(x 1 , x 2 ) G is k-rational if G acts on K faithfully and on K(x 1 , x 2 ) by purely quasi-monomial k-automorphisms. G is k-rational if G acts on K faithfully and on K(x 1 , x 2 , x 3 ) by purely quasi-monomial k-automorphisms except for the 15 cases. For the exceptional 15 cases, they are not k-rational; in fact, they are even not retract k-rational. Theorem 1.4 (Hajja [Haj87] ). Let k be a field and G be a finite group acting on k(x 1 , x 2 ) by monomial k-automorphisms. Then k(x 1 , x 2 )
G is k-rational.
Theorem 1.5 (Hajja, Kang [HK92, HK94] , Hoshi, Rikuna [HR08] ). Let k be a field and G be a finite group acting on k(x 1 , x 2 , x 3 ) by purely monomial k-automorphisms. Then k(x 1 , x 2 , x 3 )
Let G be a finite group acting on K(x 1 , . . . , x n ) by quasi-monomial k-automorphisms. There exists a group homomorphism ρ x : G → GL n ( ) defined by ρ x (σ) = [a i,j ] 1≤i,j≤n ∈ GL n ( ) for any σ ∈ G where [a i,j ] 1≤i,j≤n is given in (i) of Definition 1.1. Theorem 1.6 (Hoshi, Kang, Kitayama [HKK14, Proposition 1.12]). Let k be a field and G be a finite group acting on K(x 1 , . . . , x n ) by quasi-monomial k-automorphisms. Then there is a normal subgroup N of G satisfying the following conditions: (i) K(x 1 , . . . , x n ) N = K N (y 1 , . . . , y n ) where each y i is of the form ax
and e i ∈ (we may take a = 1 if the action is a purely quasi-monomial action); (ii) G/N acts on K N (y 1 , . . . , y n ) by quasi-monomial k-automorphisms; (iii) ρ y : G/N → GL n ( ) is an injective group homomorphism.
By Theorem 1.6, we may assume that ρ x : G → GL n ( ) is injective and thus G may be regarded as a finite subgroup of GL n ( ). The following theorem was already proved by Prokhorov [Pro10] when k = .
Theorem 1.7 (Hoshi, Kitayama, Yamasaki [HKY11, Yam12] ). Let k be a field with char k = 2 and G be a finite subgroup of
G is k-rational except for the 8 cases contained in [Yam12] and one additional case. For the last exceptional case, k(x 1 , x 2 , x 3 )
G is also k-rational except for a minor situation. In particular, if k is a quadratically closed field with char k = 2, then k(
Indeed, for the exceptional 8 cases in Theorem 1.7, the necessary and sufficient condition for the k-rationality of K(x 1 , x 2 , x 3 ) G was given in terms of k and c j (σ). In particular, if it is not k-rational, then it is not retract k-rational (see [Yam12] ).
Let (a, b) k (resp. [a, b) k ) be the norm residue symbol of degree two over k when char k = 2 (resp. char k = 2), see [Dra83, Chapter 11] . For dimension one (resp. two), the rationality problem for quasi-monomial (resp. purely quasi-monomial) actions was solved by Hoshi, Kang and Kitayama [HKK14] . (1) Let G be a finite group acting on K(x) by purely quasi-monomial k-automorphisms. Then
Moreover, if K(x) G is not k-rational, then k is an infinite field, the Brauer group Br(k) is non-trivial, and K(x) G is not k-unirational.
Let S n (resp. A n , D n , C n ) be the symmetric group (resp. the alternating group, the dihedral group, the cyclic group) of degree n of order n! (resp. n!/2, 2n, n). Theorem 1.9 (Hoshi, Kang, Kitayama [HKK14, Theorem 1.14]). Let k be a field and G be a finite group acting on K(x, y) by purely quasi-monomial k-automorphisms. Define N = {σ ∈ G : σ(x) = x, σ(y) = y}, H = {σ ∈ G : σ(α) = α for all α ∈ K}. Then K(x, y)
G is k-rational except possibly for the following situation: (1) char k = 2 and (2) (G/N,
More precisely, in the exceptional situation we may choose u, v ∈ k(x, y) satisfying that
G is k-rational if and only if the norm residue 2-symbol (a, −1)
G is not k-rational, then k is an infinite field, the Brauer group Br(k) is non-trivial, and K(x, y)
G is not k-unirational.
The following definition gives an equivalent definition of quasi-monomial actions. This definition follows the approach of Saltman's definition of twisted multiplicative actions [Sal90a, Sal90b] , [Kan09, Definition 2.2]. Definition 1.10. Let G be a finite group. A G-lattice M is a finitely generated [G]-module which is -free as an abelian group, i.e. M = 1≤i≤n · x i with a [G]-module structure. Let K/k be a field extension such that G acts on K with
where M is a G-lattice and K × is regarded as a [G]-module through the G-action on K. The [G]-module structure (written multiplicatively) of M α may be described as follows: For each x j ∈ M (where 1 ≤ j ≤ n), take a pre-image u j of x j . As an abelian group, M α is the direct product of K × and u 1 , . . . , u n .
× determined by the group extension α. Using the same idea, once a group extension α : 1 → K × → M α → M → 0 is given, we may define a quasi-monomial action of G on the rational function field K(x 1 , . . . , x n ) as follows:
. . , x n ) and σ · α = σ(α) for α ∈ K where σ(α) is the image of α under σ via the prescribed action of G on K. This quasi-monomial action is well-defined (see [Sal90a,  page 538] for details). The field K(x 1 , . . . , x n ) with such a G-action will be denoted by K α (M) to emphasize the role of the extension α; its fixed field is denoted as K α (M)
G . We will say that G acts on
G is nothing but the fixed field associated to the monomial action. If the extension α splits, then we may take u 1 , . . . , u n ∈ M α satisfying that σ·u j = 1≤i≤n u a ij i . Hence the associated quasi-monomial action of G on K(x 1 , . . . , x n ) becomes a purely quasimonomial action. In this case, we will write K α (M) and
respectively (the subscript α is omitted because the extension α plays no important role). We will say that G acts on K(M) by purely quasi-monomial k-automorphisms. Again k(M) G is the fixed field associated to the purely monomial action.
As an application of Theorem 1.9, we have the following theorems: 
The aim of this paper is to investigate the rationality problem of K(x 1 , x 2 , x 3 ) G for purely quasi-monomial k-automorphisms. The followings are main results of this paper.
Note that (i) by Theorem 1.6, we may assume N = {σ ∈ G : σ(x i ) = x i (i = 1, 2, 3)} = 1 and hence G may be regarded as a finite subgroup of GL 3 ( ); (ii) when H = 1 the answer to the rationality problem in dimension 3 was given by Kunyavskii (see Theorem 1.3).
There exist 73 finite subgroups G i,j,k (1 ≤ i ≤ 7) contained in GL 3 ( ) up to conjugation which are classified into 7 crystal systems (see Section 2 for details). Theorem 1.13 (The groups G do not belong to the 7th crystal system in dimension 3). Let k be a field with char k = 2 and G be a finite subgroup of GL 3 ( ) acting on K(x 1 , x 2 , x 3 ) by purely quasi-monomial k-automorphisms. Assume that G does not belong to the 7th crystal system in dimension 3 and H = {σ ∈ G | σ(α) = α for any α ∈ K} = 1.
(1) If G does not belong to the 4th crystal system in dimension 3, i.e. G is either not a 2-group or a 2-group of exponent 2, then K(x 1 , x 2 , x 3 )
G is k-rational; (2) When G belongs to the 4th crystal system in dimension 3, i.e. G is a 2-group of exponent 4, G is É-conjugate to one of the following 8 groups: (i-1) When G is É-conjugate to ±σ 4A , (resp. σ 4A , −I 3 ) we may take K = k( √ a) (resp.
G is not k-rational, then k is an infinite field, the Brauer group Br(k) is non-trivial, and K(x 1 , x 2 , x 3 )
G is not k-unirational. In particular, the k-rationality of K(x 1 , x 2 , x 3 ) G does not depend on the É-conjugacy class of G and the sign of ±σ 4A and ±λ 1 .
There exist 15 finite subgroups G 7,j,k (1 ≤ j ≤ 5, 1 ≤ k ≤ 3) of GL 3 ( ) which belong to the 7th crystal system (see Section 2). Theorem 1.14 (The groups G belong to the 7th crystal system in dimension 3). Let k be a field with char k = 2 and G be a finite subgroup of GL 3 ( ) acting on K(x 1 , x 2 , x 3 ) by purely quasi-monomial k-automorphisms. Assume that G = G 7,j,k belongs to the 7th crystal system in dimension 3 and H = {σ ∈ G | σ(α) = α for any α ∈ K} = 1.
G is k-rational except possibly for the following cases with H = τ 3 , λ 3 or τ 3 , λ 3 , σ 3B :
(i) The case where H = τ 3 , λ 3 ≃ C 2 × C 2 . We have
where
(ii) The case where H = τ 3 , λ 3 , σ 3B ≃ A 4 . We have
We do not know the rationality of K(x 1 , x 2 , x 3 ) G in Theorem 1.14 (2) (i) with H ≃ C 2 × C 2 . For the case (2) (ii) of Theorem 1.14 with H ≃ A 4 , we will give the following partial result. It turns out that the fixed field K(x 1 , x 2 , x 3 ) G has a conic bundle structure.
Proposition 1.15. Let k be a field with char k = 2 and G = G 7,j,3 (j = 2, 3, 5). Assume that
In particular, we have
We have
In particular, if
As an application of Theorems 1.13 and 1.14 and Proposition 1.15, we get the following theorem which complements to Theorem 1.12: Theorem 1.16. Let k be a field with char k = 2, G be a finite group and M be a G-lattice such that G acts on k(M) by purely monomial k-automorphisms. Assume that
This paper is organized as follows. In Section 2, we recall the classification of subgroups of GL 3 ( ) up to conjugation. Section 3 contains some rationality results which will be used in the paper. A technique of conjugacy classes move, which is described in Subsection 3.4, is useful and will be used in the proof of Theorems 1.13 and 1.14 to the cases of 3rd crystal system (II), the 4th crystal system (II) and 7th crystal system (II) in Subsections 4.1, 4.2 and 5.1 respectively. Section 4 contains the proof of Theorem 1.13. The proof of Theorem 1.14 is given in Section 5. In Section 6, the proof of Proposition 1.15 will be given. We will prove Theorem 1.16 in Section 7.
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Notation
Let S n (resp. A n , D n , C n ) be the symmetric group (resp. the alternating group, the dihedral group, the cyclic group) of degree n of order n! (resp. n!/2, 2n, n). Let I 3 be the 3 × 3 identity matrix. We define the following matrices:
There exist exactly 73 finite subgroups contained in GL 3 ( ) up to conjugation which are classified into 7 crystal systems (see [BBNWZ78, Table 1] ).
The 1st crystal system ( -reducible):
3. Preliminaries 3.1. Reduction to lower degree. 
Corollary 3.2. Let k be a field with char k = 2 and G be a finite subgroup of GL n ( ) acting on
Proof. Put x 
]). Let L/k be a finite Galois extension of fields with Galois group G which acts on
3.2. Explicit transcendental bases. 
where 
]). Let k be a field and
Lemma 3.7 (Hoshi, Kitayama, Yamasaki [HKY11, Theorem 3.13, Remark 3.14]). Let k be a field and −I 3 act on k(x 1 , x 2 , x 3 ) by k-automorphism
Lemma 3.9 (Hoshi, Kitayama, Yamasaki [HKY11, Theorem 3.16]). Let k be a field with char k = 2 and τ 1 , λ 1 act on k(x 1 , x 2 , x 3 ) by k-automorphisms defined by
Lemma 3.10 (Hoshi, Kitayama, Yamasaki [HKY11, Lemma 3.8]). Let k be a field and
.
])
. Let k be a field with char k = 2 and K be a function field of a quadric q = a 0 + a 1 x 2 1 + · · · + a n x 2 n over k, i.e. K is k-isomorphic to k[x 1 , . . . , x n ]/(q). Then the following conditions are equivalent:
Lemma 3.12. Let k be a field with char k = 2, K = k( √ d) be a quadratic extension of k and σ act on K(x 1 , . . . , x n ) by k-automorphisms σ :
Proof. Define
Then the assertion follows from
For the rationality of quadrics and conic bundles, see [Kan07, Section 4], [Yam] .
Conjugacy classes move.
For the rationality problem of K(x 1 , . . . , x n ) G under purely quasi-monomial actions, we may convert some cases into their GL n (É)-conjugation (see also [HKY11, Section 13.2]) although the problem is determined up to GL n ( )-conjugation (a conjugate of G corresponds to just some base change). When the action of G on K is faithful, i.e. algebraic k-tori case, GL n (É)-conjugation corresponds to k-isogeny (see Ono [Ono61, Section 1.3]).
Theorem 3.13 (Kitayama [Kit11, Theorem 2.4]). Let k be a field with char k = 2. Let G and G ′ be GL n (É)-conjugate subgroups of GL n ( ) which act on K(x 1 , . . . , x n ) by purely quasimonomial k-automorphisms, P = [p i,j ] ∈ GL n (É) be an integer matrix with G ′ = P −1 GP and
(j = 1, . . . , n), the induced purely quasi-monomial action of G on K(y 1 , . . . , y n ) is the same action of G ′ on K(x 1 , . . . , x n ) and H = {σ ∈ G | σ(α) = α for any α ∈ K} where H = P H ′ P −1 .
We will apply Theorem 3.13 as follows.
Lemma 3.14. Let P 1 , P 2 ∈ GL 3 ( ) be two matrices defined by
Let ρ 1 , ρ 2 and ρ 3 be K-automorphisms on K(x 1 , x 2 , x 3 ) defined by
Then we have:
Proof. By Theorem 3.13, we have
and the action of G on K(y 1 , y 2 , y 3 ) (resp. K(z 1 , z 2 , z 3 )) is the same as the action of P −1 x 2 , x 3 ) . Indeed, we will take a finite subgroup G of GL 3 ( ) such that G is -reducible and P −1
Proof of Theorem 1.13
In this section, we will give a proof of Theorem 1.13. First, we obtain the following theorem by Theorem 1.9 and Corollary 3.2.
as in Lemma 3.14. By Lemma 3.14, it suffices to consider the k-rationality of K(x 1 , x 2 , x 3 )
G ρ 2 ,ρ 3 for G = G 3,j,1 (j = 1, 2, 3). Note that we already know that
G is k-rational by Theorem 4.1. The actions of τ 1 , λ 1 and −I 3 on K(x 1 , x 2 , x 3 ) are given by
Case 1:
Let H be a non-trivial proper normal subgroup of G. By symmetry, we have only to consider H = τ 1 . We can take √ a ∈ K such that K = k( √ a) and λ 1 ( √ a) = − √ a. Then we have
Hence the k-rationality of K(x 1 , x 2 , x 3 ) G ρ 1 and K(x 1 , x 2 , x 3 ) G ρ 2 ,ρ 3 can be reduced to the k-rationality for three-dimensional monomial actions on k(y 1 , y 2 , y 3 ) of G 1,2,1 ≃ C 2 and G 3,1,2 ≃ C 2 × C 2 respectively, which has already been settled in [Sal00] and [HKY11] . They are both k-rational.
Because τ 1 (x 3 ) = −λ 1 (x 3 ) = x 3 and ρ i (x 3 ) = −x 3 (i = 1, 2, 3), by Theorem 3.1, the krationality of K(x 1 , x 2 , x 3 ) G ρ 1 and K(x 1 , x 2 , x 3 ) G ρ 2 ,ρ 3 can be reduced to the k-rationality of purely quasi-monomial actions of G on K(x 1 , x 2 ) ρ 1 and K(x 1 , x 2 ) ρ 2 ,ρ 3 . They are k-rational for any non-trivial proper normal subgroup H of G by Theorem 1.9.
Let H be a non-trivial proper normal subgroup of G. By symmetry, we have only to consider the following three cases:
can be reduced to the k-rationality for purely quasi-monomial actions of G on K(y 2 , y 3 ) ρ 1 and K(y 2 , y 3 ) ρ 2 ,ρ 3 . They are both k-rational by Theorem 1.9.
(ii) τ 1 ≤ H. By Lemma 3.5, we have K(x 1 , x 2 , x 3 ) τ 1 = K(y 1 , y 2 , y 3 ) where
The actions of λ 1 , −I 3 , ρ 1 , ρ 2 and ρ 3 on K(y 1 , y 2 , y 3 ) are given by
ρ 1 : y 1 → −y 1 , y 2 → −y 2 , y 3 → −y 3 , ρ 2 : y 1 → y 2 , y 2 → y 1 , y 3 → −y 3 , ρ 3 : y 1 → −y 2 , y 2 → −y 1 , y 3 → −y 3 .
We have K(y 1 , y 2 , y 3 )
, z 3 = y 1 y 3 , and
Hence, by Theorem 3.1, the k-rationality of K(x 1 , x 2 , x 3 ) G ρ 1 can be reduced to the krationality for purely quasi-monomial actions of λ 1 , −I 3 on K(z 1 , z 3 ). It is k-rational by Theorem 1.9.
We have K(y 1 , y 2 , y 3 ) ρ 2 ρ 3 = K(w 1 , w 2 , w 3 ) where w 1 = y 1 −y 2 y 1 +y 2 , w 2 = y 1 y 2 −1 y 1 y 2 +1
, w 3 = y 3 and λ 1 : w 1 → −w 1 , w 2 → −w 2 , w 3 → 1 w 3 , −I 3 : w 1 → w 1 , w 2 → w 2 , w 3 → 1 w 3 , ρ 2 = ρ 3 : w 1 → −w 1 , w 2 → w 2 , w 3 → −w 3 .
By Theorem 3.1, the k-rationality of K(x 1 , x 2 , x 3 ) G ρ 2 ,ρ 3 can be reduced to the k-rationality for quasi-monomial actions of λ 1 , −I 3 , ρ 2 on K(w 3 ). It is k-rational by Theorem 1.8.
and τ 1 : y 1 → y 1 , y 2 → y 2 , y 3 → −y 3 , λ 1 : y 1 → y 1 , y 2 → −y 2 , y 3 → y 3 ,
We may take √ a,
Then K(y 1 , y 2 , y 3 ) τ 1 ,λ 1 = k(z 1 , z 2 , z 3 ) where z 1 = y 1 , z 2 = √ by 2 , z 3 = √ ay 3 , and
which are -irreducible and belong to the 4th crystal system (II). Let P 1 ∈ GL 3 ( ) be a matrix defined as Equation (1) in Lemma 3.14. We may confirm that
1 G 4,6,2 P 1 where ∼ means GL 3 ( )-conjugation. By Lemma 3.14, it suffices to consider the k-rationality of K(x 1 , x 2 , x 3 ) G and K(x 1 , x 2 , x 3 ) G ρ 1 where
for G = G 4,j,1 (1 ≤ j ≤ 7) and G 4,6,2 which are -reducible, contain σ 4A or −σ 4A and belong to the 4th crystal system (I). The actions of σ 4A , σ 2 4A , λ 1 , −λ 1 , −I 3 and ρ 1 on K(x 1 , x 2 , x 3 ) are given by
The non-trivial proper normal subgroups H of each G = G 4,j,1 (1 ≤ j ≤ 7) and G 4,6,2 are:
By Lemma 3.5, we have
The actions of σ 4A , −σ 4A , λ 1 , −λ 1 , −I 3 and ρ 1 on K(y 1 , y 2 , y 3 ) are given by
) and the actions of ±σ 4A , ±λ 1 , −I 3 and ρ 1 on K(z 1 , z 2 , z 3 ) are given by
We will consider the k-rationality of
G which has been settled in Theorem 1.8. For G = G 4,j,1 = ±σ 4A (j = 1, 2), (resp. G 4,3,1 = σ 4A , −I 3 ) we may take K = k( √ a) (resp.
G is k-rational if and only if K(z 1 ) ±σ 4A is k-rational if and only if (a, −1) k = 0. For G = ±σ 4A , ±λ 1 , i.e. G = G 4,4,1 , G 4,5,1 , G 4,6,1 or G 4,6,2 , (resp. G 4,7,1 = σ 4A , λ 1 , −I 3 ) we may take
Then we have K(x 1 , x 2 , x 3 )
Hence, by Theorem 3.1 and Theorem 3.3 (or Theorem 3.4),
Similarly, we see that
, σ 4A λ 1 , we define
, w 2 , w 3 ) and ±σ 4A = ±λ 1 : w 1 → ∓w 2 , w 2 → ∓w 1 , w 3 → −w 3 , −I 3 : w 1 → −w 1 , w 2 → −w 2 , w 3 → w 3 .
Hence, by Theorem 3.3,
(v) H = ±σ 4A or σ 4A , −I 3 . For H = σ 4A , we define
, w 2 , w 3 ) and
On the other hand, we have
where w 1 = y 1 y 2 − 1 y 1 y 2 + 1 , w 2 = y 1 − y 3 y 1 + y 3 + y 1 y 3 − 1 y 1 y 3 + 1 , w 3 = y 1 − y 3 y 1 + y 3 − y 1 y 3 − 1 y 1 y 3 + 1 .
The actions of σ 4A , λ 1 and −I 3 on K(w 1 , w 2 , w 3 ) are given by ±σ 4A : w 1 → − 1 w 1 , w 2 → −w 2 , w 3 → ±w 3 , λ 1 : w 1 → −w 1 , w 2 → −w 2 , w 3 → −w 3 , −I 3 : w 1 → w 1 , w 2 → w 2 , w 3 → −w 3 .
These actions are the same as the above on K(z 1 , z 2 , z 3 ). By Theorem 1.8, we may obtain Theorem 1.13 for the cases where σ 2 4A ≤ H.
Case 2: H = −I 3 ≃ C 2 .
There exist two cases:
The actions of σ 4A , λ 1 and ρ 1 on K(y 1 , y 2 , y 3 ) are given by σ *
where σ * 4A (resp. λ * 1 ) stands for that the action of σ 4A (resp. λ 1 ) on K is faithful. By Theorem 3.1, the k-rationality of K (x 1 , x 2 , x 3 ) G is reduced to that of K(y 2 , y 3 ) σ 4A and K(y 2 , y 3 ) σ 4A ,λ 1 , which is the rationality problem of two-dimensional algebraic tori. By Theorem 1.2, they are both k-rational.
where z 1 = y 2 1 , z 2 = y 1 y 2 , z 3 = y 1 y 3 . The actions of σ 4A and λ 1 on K(z 1 , z 2 , z 3 ) are given by
Hence the k-rationality of K(x 1 , x 2 , x 3 ) G ρ 1 for G = G 4,3,1 (resp. G 4,7,1 ) is reduced to the k-rationality of three-dimensional algebraic torus for G 4,2,2 (resp. G 4,6,3 ). By Theorem 1.3, they are all k-rational (see also Section 2).
The actions of σ 4A , λ 1 , −I 3 and ρ 1 on K(y 1 , y 2 , y 3 ) are given by
By Theorem 3.1, the k-rationality of K(x 1 , x 2 , x 3 ) G ρ 1 is reduced to the k-rationality of K(z 1 , z 2 ) σ 4A ,−I 3 and K(z 1 , z 2 ) σ 4A ,λ 1 ,−I 3 , which is the rationality problem of two-dimensional algebraic torus. By Theorem 1.2 again, they are all k-rational.
4.3. The 5th crystal system (I). We consider the following five groups:
The actions of σ 3B , −I 3 , α and −α on K(x 1 , x 2 , x 3 ) are given by
The non-trivial proper normal subgroups H of each G = G 5,j,1 are as follows:
Case 1: σ 3B ≤ H.
Then the actions of σ 3B , −I 3 , α and −α on K(X 1 , X 2 , X 3 ) are given by
and σ 3B acts on K trivially. It follows from Lemma 3.8 that
The actions of −I 3 , α and −α on K(y 1 , y 2 , y 3 ) are given by −I 3 : y 1 → −y 1 , y 2 → −y 2 , y 3 → −y 3 , α : y 1 → y 1 , y 2 → y 3 , y 3 → y 2 , −α : y 1 → −y 1 , y 2 → −y 3 , y 3 → −y 2 .
Define
Then, by Theorem 3.1, the k-rationality of
G , which is the rationality problem of two-dimensional purely quasi-monomial actions. By Theorem 1.9, they are all k-rational.
There exist only two cases G = G 5,2,1 = σ 3B , −I 3 ≃ C 6 , G 5,5,1 = σ 3B , α, −I 3 ≃ D 6 . By Lemma 3.7, we have
The actions of σ 3B and α on K(y 1 , y 2 , y 3 ) are given by
Since σ 3B and σ 3B , α act on K faithfully, the k-rationality of K(x 1 , x 2 , x 3 ) G for G 5,2,1 (resp. G 5,5,1 ) is reduced to the rationality problem of three-dimensional algebraic torus corresponding to G 5,1,1 (resp. G 5,4,1 ). By Theorem 1.3, they are both k-rational.
Proof of Theorem 1.14
We consider the following 15 groups G 7,j,k (1 ≤ j ≤ 5, 1 ≤ k ≤ 3) which belong to the 7th crystal system in dimension 3:
The non-trivial proper normal subgroups H of each G = G 7,j,k (1 ≤ k ≤ 3) are:
5.1. The 7th crystal system (I), (II). Let P 1 ∈ GL 3 ( ) be the matrix defined as Equation (1) in Lemma 3.14. Then we may confirm that
as in Lemma 3.14. By Lemma 3.14, it suffices to prove the k-rationality of K(x 1 , x 2 , x 3 ) G and
(1 ≤ j ≤ 5) which belong to the 7th crystal system (I).
Case 1: τ 1 , λ 1 ≤ H.
The actions of τ 1 , λ 1 , σ 3B , −I 3 , β 1 and ρ 1 on K(x 1 , x 2 , x 3 ) are given by
By Lemma 3.9, we have
The actions of σ 3B , −I 3 , β 1 and ρ 1 on K(y 1 , y 2 , y 3 ) are given by
Hence the k-rationality of K(x 1 , x 2 , x 3 ) G 7,j,1 is reduced to that of K(y 1 , y 2 , y 3 ) G 5,j,1 . By Theorem 1.13, they are all k-rational.
On the other hand, we have K(y 1 , y 2 , y 3 ) ρ 1 = K(z 1 , z 2 , z 3 ) where z 1 = y 2 y 3 , z 2 = y 1 y 3 , z 3 = y 1 y 2 . The actions of σ 3B , −I 3 and β 1 on K(z 1 , z 2 , z 3 ) are the same as the actions on K(y 1 , y 2 , y 3 ). Hence the k-rationality of K(y 1 , y 2 , y 3 ) G 7,j,1 ρ 1 is reduced to the k-rationality of K(z 1 , z 2 , z 3 ) G 5,j,1 . By Theorem 1.13 again, they are all k-rational.
There exist two cases: G = G 7,2,1 = τ 1 , λ 1 , σ 3B , −I 3 ≃ A 4 × C 2 , G 7,5,1 = τ 1 , λ 1 , σ 3B , β 1 , −I 3 ≃ S 4 × C 2 . By Lemma 3.7, we have
The actions of τ 1 , λ 1 , σ 3B , β 1 and ρ 1 on K(y 1 , y 2 , y 3 ) are given by
Hence the k-rationality of K(x 1 , x 2 , x 3 ) G and K(x 1 , x 2 , x 3 ) G ρ 1 for G = G 7,2,1 (resp. G 7,5,1 ) can be reduced to the k-rationality of three-dimensional algebraic torus for G 7,1,k (resp. G 7,4,k ) with k = 1, 2. By Theorem 1.3, they are all k-rational.
The 7th crystal system (III).
We treat the remaining five cases:
The actions of τ 3 , λ 3 , σ 3B , −β 3 , β 3 and −I 3 on K(x 1 , x 2 , x 3 ) are given by
We will split the problem into seven cases according to each H ≤ G 7,j,3 .
By Lemma 3.7, we have
Define
) and the actions of τ 3 , λ 3 , σ 3B and −β 3 on K(v 1 , v 2 , v 3 ) are
We also define
Then we may see that K(v 1 , v 2 , v 3 ) = K(t 1 , t 2 , t 3 ). This may be confirmed directly as
We also see that
Then we have
Hence we put
is the wreath product of C 2 and S 3 . Define
Then γ, τ 3 , λ 3 , σ 3B and −β 3 act on K(P 1 , P 2 , P 3 ) by
We may take
, P 2 → −P 3 , P 3 → −P 2 . By Theorem 3.4, there exists P ′′ 1 ∈ K(P ′ 1 , P 2 , P 3 ) such that K(P ′ 1 , P 2 , P 3 ) = K(P ′′ 1 , P 2 , P 3 ) and σ(P ′′ 1 ) = P ′′ 1 for any σ ∈ G. Hence the action of G on K(P ′′ 1 , P 2 , P 3 ) coincides with that on
On the other hand, K(P
Case 2: H = τ 3 , λ 3 ≃ C 2 × C 2 ≤ G = G 7,j,3 , (j = 1, 2, 3, 4, 5).
By Lemma 3.10, we have
(see also [HKY11, page 106]). For G = G 7,1,3 = τ 3 , λ 3 , σ 3B and G 7,4,3 = τ 3 , λ 3 , σ 3B , β 3 , it follows from Theorem 3.3 (or Theorem 3.4) that K(x 1 , x 2 , x 3 ) G is k-rational. However, we do not know the rationality of K (x 1 , x 2 , x 3 ) G for G = G 7,2,3 , G 7,3,3 , G 7,5,3 .
Case 3:
By Lemma 3.10, we have K(x 1 , x 2 , x 3 ) τ 3 ,λ 3 = K(u 1 , u 2 , u 3 ) where u 1 , u 2 , u 3 and the actions of σ 3B , −β 3 , β 3 , −I 3 on K(u 1 , u 2 , u 3 ) are given as in Case 2. We see that K(x 1 , x 2 , x 3 ) τ 3 ,λ 3 ,−I 3 = K(t 1 , t 2 , t 3 ) where t i = u i + (−I 3 )(u i ) (1 ≤ i ≤ 3). The actions of σ 3B and β 3 on K(t 1 , t 2 , t 3 ) are given by
(see [HKY11, page 106] ). By Theorem 3.3 (or Theorem 3.4), K(x 1 , x 2 , x 3 ) G is k-rational for G = G 7,2,3 , G 7,5,3 .
Case 4: H = τ 3 , λ 3 , σ 3B ≃ A 4 ≤ G = G 7,j,3 , (j = 2, 3, 4, 5).
By [HK10, page 290], there exist
. When G = G 7,4,3 = H, β 3 , it follows from Theorem 3.3 (or Theorem 3.4) that K(x 1 , x 2 , x 3 ) G = K(s 1 , s 2 , s 3 ) β 3 is k-rational.
We note that We will consider the rationality for the cases of G 7,2,3 , G 7,3,3 , G 7,5,3 in Section 6.
Case 5: H = τ 3 , λ 3 , σ 3B , −I 3 ≃ A 4 × C 2 ≤ G = G 7,5,3 .
From Equation (3) and Lemma 3.8, K(x 1 , x 2 , x 3 ) τ 3 ,λ 3 ,σ 3B ,−I 3 = K(s 1 , u, v) where s 1 = s 1 (t 1 , t 2 , t 3 ), u = u(t 1 , t 2 , t 3 ) and v = v(t 1 , t 2 , t 3 ). The action of β 3 on K(s 1 , u, v) is given by β 3 : γ → −γ, s 1 → s 1 , u → v, v → u.
Hence K(x 1 , x 2 , x 3 ) G = k(s 1 , u + v, γ(u − v)) is k-rational for G = G 7,5,3 .
Case 6: H = τ 3 , λ 3 , σ 3B , −β 3 ≃ S 4 ≤ G = G 7,5,3 .
By Equation (4), we have K(x 1 , x 2 , x 3 ) H = K(s 1 , s 2 , s 3 ) −β 3 on which −β 3 acts by −β 3 : δ → −δ, s 1 → s 1 , s 2 → 1 + 3s Then the action of β 3 on K(t 1 , t 2 , t 3 ) is β 3 : γ → −γ, t 1 → −t 1 , t 2 → t 2 , t 3 → t 3 .
Hence K(x 1 , x 2 , x 3 ) G = k(γt 1 , t 2 , t 3 ) is k-rational.
Case 7: H = τ 3 , λ 3 , σ 3B , β 3 ≃ S 4 ≤ G = G 7,5,3 .
By Equation (4), K(x 1 , x 2 , x 3 ) H = K(t 1 , t 2 , t 3 ) where t 1 = s 2 1 , t 2 = s 2 , t 3 = s 3 . Define u 1 = 1 + 3t 1 t 2 + t 2 − 4, u 2 = 1 + 3t 1 t 2 − t 2 , u 3 = 6t 3 .
Then K(t 1 , t 2 , t 3 ) = K(u 1 , u 2 , u 3 ) and −β 3 : δ → −δ, u 1 → u 1 , u 2 → −u 2 , u 3 → 10u 
Proof of Proposition 1.15
We consider the three cases:
G 7,2,3 = H, −I 3 , G 7,3,3 = H, −β 3 , G 7,5,3 = H, β 3 , −I 3 where H = τ 3 , λ 3 , σ 3B ≃ A 4 .
Proof of Proposition 1.15 (1).
We consider the case where G = G 7,2,3 = H, −I 3 ≃ A 4 × C 2 . By Equation (4) , t 2 → −t 2 , t 3 → − t 3 t 1 (t 2 − 1) ,
We may take K = k( 
